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Summary. Precision measurement is an essential part
of heritability estimate interpretation. Approximate
standard errors are commonly used as measures of
precision for heritability on a progeny mean basis (H).
Their derivation, however, is not inferred from the
distribution theory for H. F-distribution based exact
confidence intervals have been derived for some one-
factor mating design H estimators. Extension of the
confidence interval results from one-factor to two-
factor mating designs is reported in this paper. Func-
tions of heritability on a full-sib or half-sib progeny
mean basis from nested or factorial mating design
parameters were distributed according to the F-dis-
tribution. Exact confidence intervals were derived for
heritability on a full-sib progeny mean basis. Exact
confidence intervals for heritability on a half-sib prog-
eny basis were adapted from previous results. Maize
(Zea mays L.) data were used to estimate confidence
intervals. Complete equations were given for inter-
polation in F-tables.
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Introduction

The need for an analytical mechanism for partitioning
genetic variation into additive and dominance com-
ponents provided the impetus for the development of
the two-factor mating designs (Comstock and Robinson
1948). There was also interest in estimating heritability
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and predicted response to selection from mating design

statistics (Robinson et al. 1949).

Genetic theory for the one- and two-factor mating designs
has produced several genetic statistics, including degree of
dominance, heritability, and predicted response to selection.
Distribution theory and confidence interval estimation
procedures are lacking for some genetic statistics.

Exact confidence intervals have been developed for
heritability on a progeny mean basis (H) for some one-factor
mating design linear models (Knapp et al. 1985). Tai (1983)
gives approximate confidence intervals for the same H estima-
tor. The two confidence intervals are analytically different and
the approximate intervals (Tai 1983) are considerably more
narrow than the exact intervals (Knapp et al. 1985).

The research presented in this paper is an extension
of the results of Knapp et al. (1985) to heritability esti-
mators based on nested (DesignI) and factorial
(Design II) mating design parameters. The methods
presented for constructing exact confidence intervals
for H apply to several experimental designs with
balanced data. The form of a linear model is obviously
dependent upon experimental design. The mean
squares form of H, however, is often not affected by
experimental design differences. Experimental design
invariable mean square functions of H provided the
basis for the confidence intervals developed for H.

It was assumed that model effects were independent
normal random variables with zero means and appro-
priate variances. Epistatic variances were not included
in causal variance component expressions for sim-
plicity. The results are limited to balanced data.

Confidence intervals

Nested mating design

The analysis of variance for the nested mating design
for one environment in a replications-in-incomplete
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Table 1. Replications-in-incomplete blocks experimental design analysis of variance for the nested
mating design in one environment. Maize yield (Ibs/plot) data from Comstock and Robinson (1948)

Source of variation Degrees of freedom? Mean square Expected mean square ®

Incomplete blocks (B)

Replications/B

Males/B df, =b(m-—-1) = 36 M, =0.176 0 =02+ 104y +1foin
Females/males/B dfy,=bm({f—-1)=144 Mg/, = 0.069 Ot/ = 0%+ T O

Residual

4 b is the number of incomplete blocks = 12, m is the number of males = 4, and f is the number of
females = 4

b r is the number of replications = 2, o2 is the residual variance component, g4y, is the females
nested in males nested in incomplete blocks variance component, and 62, is the males nested in

incomplete blocks variance component

blocks experimental design is given 1in Table 1.
Heritability on a full-sib progeny mean basis for
Design I (H;) (Robinson et al. 1949) is
1
(2*+ 3o+ 3oh)/r+30h+50b

262
o2/t + ofm + ol
2 [(gm - ef/m)/r f] [gflm/r + (Gm - Bf/m)/r f]_1
=2[f (Om/Opm — )"+ 1] (11

H1=

and is estimated by

H=2[f Mp/Mym— D71+ 177!

where o3 is additive genetic variance, od is dominance
variance,

ot = gi* +%ai+%a%, cr,2n=%ai,

and

Ofm=%0A+ 10D

other terms were defined in Table 1.

Heritability on a half-sib progeny mean basis for
Design [ (H,) (El-Rouby and Penny 1967) is
_ i %4
(c*+ 1ok +3ob)/rf+ (Gob+50d)/f+30h

O

= = [(Om — Ogym) /T f] [Bm /1 1]
G/t + obm/f + 0l I« rm) /7 ] (O 1]

1= Otyen/Om (2]
and is estimated by

H2= 1— Mf/m/Mm.

H,

H, and H, simplify to functions of constants and
singular F-statistics; Mp/Mgm for H, and Mn/Mp,
for H,. Given that

(Mm/am)/(Mflm/eflm) ~F (dfma dff/m)

and
(Mf/m/gf/m)/(Mm/gm) ~F (dff/ma dfm)

{Graybill 1976), then functions of H; and H, are
distributed according to the F-distribution.

H,, given in [2], has the same form as heritability
on a progeny mean basis for the one-factor mating
design; therefore, exact confidence intervals for H, are
identical to those previously described (Knapp et al.
1985). In terms of Table 1 notation exact confidence
intervals for H, are

P {1 — [(Mn/Mt/m) Fi-a/2:diym, ] < Ha

< 1= [(Mn/Mym) Farz:dtym,atad '} = 1= 2 [3]
where Fi_,.41,.4r, and Fyp.q5,. 6, are values from
the F-distribution such’ that the probabilities of ex-
ceeding these values are | — a/2 and /2, respectively.

The derivation of exact confidence intervals for H;
involved an extension of the results for H,. Given that

P [F1_ 02 diym, dfe < Mirm/Otim)/ (M /01m)

< Forzdfymdta] =12
then exact confidence intervals for 0,,/85, are

P (M /Mym) Fioar2: diym, dfn < Om/Otm
< Mn/Mim) Forrdeym.dia =1— . (4]

Exact confidence intervals for H; from [4] are
P (2 [f Mu/MymF —a/2: 4ty atn— D7 + 117 [5]
< H, < 2[f Mn/Mym Fa: diym, ata— 1) 7' H117 1} =1-a.

The exact confidence intervals, [3] and [5], are func-
tions of the same F-statistic and tabled F-values.
Confidence intervals were estimated from the data
in Table 1. Tabled F-values were obtained by inter-
polation because the F-values needed for the calcula-
tions were not included in available F-tables. Inter-
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Table 2. Replications-in-incomplete blocks experimental design analysis of variance for the factorial mating design in one

environment. Maize ear length (cm) data from Silva (1974)

Source of variation Degrees of freedom @

Mean square Expected mean square ®

Incomplete blocks (B)

Replications/B

Males and females/B df . f=b(m+f—-2)=120
Males/B df, =b(m-1)=60
Females/B dfy =b(f-1)=60

Males x females/B dfy,r =b(m—-1)(f—-1)=180

Residual

Mp.r=6.944 Ot =02+ T G + T (M + /2] 070,00
M, =6.320 On =0e+T0mpp+1lomy

M; =7.568 0 =0 4100+ Mmoo,

M, r =2.311 Ot =a§+ra(m0,b

2 b is the number of incomplete blocks = 20, m is the number of males = 4, and f is the number of females = 4

b r is the number of replications = 2, a2 is the residual variance component, J%mt‘)/b is the males x females nested in incomplete
blocks variance component, a7, is the females nested in incomplete blocks variance component, o2, is the males nested in incom-
plete blocks variance component, and afm +n/ 18 the males and females pooled nested in incomplete blocks variance component

polation equations are given in the appendix. F-values
for 95% (1—a=0.95) exact confidence intervals were
Fo.975: 144,36 = 0.618 and Fo,025: 144,36 = 1.757.

H, = 2[4 (0.167/0.069 — 1)' + 1] = 0.524

and M,/Mgy, = 2.42. The lower 95% confidence limit
for H; was 2 {4[(2.420)0.618 — 117"+ 1}~1=0.221 and
the upper 95% confidence limit was

2{4[(2.420) 1.757— 117"+ 1}7'=0.897 .

Similarly with FH, =1 —0.069/0.167 = 0.587 the lower
95% confidence limit for H, was 1—[(2.420)0.618]"
=0.332 and -the upper 95% confidence limit was
1 - [(2.420) 1.757) "' = 0.765.

= {2 On+t= One)/[r (m + £)/2]}
{2 O+t — Omp)/[r (M + £)/2] + Opn /1)~
=[1+[(m+ /4] Oms/bme— 1) [6]
where Opir= O+ 60)/2 and ok, ¢= (04 + 0$)/2;

terms not previously defined were given in Table 2.
H; is estimated by

Hy= {1+ [(m + /4] M+ ¢/ Mne— )7}

M,, or M can substitute for My, ¢, however, My, ¢ is
the logical choice because of the increased degrees of
freedom associated with the pooled estimate.

Heritability on a half-sib progeny mean basis for
Design II (H,) is

L2
2 0A

H,

- (63* +5 04+ 3 0b)/[r (m+0)/2]+ s ab/[(m+)/2] + 1 64

2
Tm+f

T ot (m+0/2) + oh/[(m+ /2] + o3
= {(Onrt— Ome)/[r (M +)/2]} {0 it/[r (M +6)/2]} =1 = 0p¢/Om e (7]

Factorial mating design

The derivation of confidence intervals for H based on
factorial mating design or DesignIl parameters for
single environment linear models was similar to that
for the nested mating design. The analysis of variance
for the factorial mating design for one environment in
a replications-in-incomplete blocks experimental design
is given in Table 2. Heritability on a full-sib progeny
mean basis for DesignIl (H;), based on the pooled
male plus female variance component, is

12
20A

Hy=—
(62*+ 310k +30b)/r+ Soh+50b

2
. 20met
ag/r+ O',an+ 20’%,+f

and is estimated by

H4 =1~ Mmf/Mm+f-

The derivation of confidence intervals for H; and
H, is exactly analogous to that for H; and H,. The
form of Hy in [7] is identical to that for Hy in (2],
therefore, exact confidence intervals for H, are

P {1 — [(Mu+t/Mup) Fioadindin.d < Ha
< 1= [(Mm+t/Mmg) Farzidtardinsd "} =1— 0. [8]

The starting point for deriving exact confidence
intervals for Hj is, except for notation differences,
identical to [4]. The equivalent equation for Hj is

P [(Mm+t/Mm£) Fioa2:dfne, dimer = Om+1/Oms
< Muit/Mus) Fadinpdfard =1— 0. [9]
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From [9] exact confidence intervals for Hj are
P{({1+[(m+f)/4]
[(Minst/Mmg) Fioa/2: dfap.abare— 11717
< H; < {1+ [(m+{)/4]
[(Munat/Mmg) Fazidtapatarc— 177 =1T~a. [10]

The exact confidence intervals [8] and [10] for Design II
H estimators are functions of the same F-statistic and
tabled F-values.

Confidence intervals were estimated from the data
in Table 2. Males plus females pooled variance com-
ponent estimates were used in the calculations. F-values
required for the calculations were obtained by inter-
polation for this example also. They were Fgg7s.(80,120
=0.726 and Fygs:180,120 =.1.392. The F-statistic was
Mt t/Mpe= 6.944/2.311 = 3.005.

Hy={1+[(4+4)/4] (6.944/2.311— 1)"'}1 = 0.501.

The lower 95% confidence limit for Hj; was
{1+ 2[3.005 (0.7264) — 1]71}"'= 0.372. The upper 95%
confidence limit was {1+ 2[3.005(1.392) —1]7'}"!
=(.614. The estimate for H, was Hy=1—2.311/6.944
=0.667. The lower 95% confidence limit for H, was
1 —[3.005 (0.726)]'=0.542 and the upper 95% con-
fidence limit was 1—[3.005 (1.392)]"!=0.761.

Discussion

The exact confidence intervals H, and H, are a direct
adaptation of exact confidence intervals for H for the
one-factor mating design (Knapp etal. 1985). These
confidence intervals are useful because they apply to
several mating and experimental designs. The constancy
of the simplified expected mean squares form of the
estimators is the reason for the adaptability.

The exact confidence intervals for H; and Hj in-
volve extensions of previous results (Knapp et al. 1985).
These confidence intervals are also adaptable to dif-
ferent experimental designs. The results necessary for
the derivation of the confidence intervals are given in
[1] and [6]. Equations [1] and [6] are simplified expect-
ed mean square expressions. They are functions of con-
stants and singular variables distributed F.

The distributions of the H estimators, [1], [2], [6],
and [7], are not known. It was shown that this does not
prevent the development of exact confidence intervals
for H. There are similar results for other random
model statistics (Graybill 1976).

The confidence intervals are easily estimated when
appropriate F-values are tabulated. Interpolation for-

mulas must be used when they are not tabulated.
Laubscher (1965) gives equations for interpolation in
F-tables but does not give limits of some of the coeffi-
cients, which are necessary when specified degrees of
freedom occur between given values and infinity in the
F-table. Complete interpolation equations were given
in the appendix to provide the equations necessary for
confidence interval estimation.

Single environment heritability estimates, with rare
exception, are biased by genotype x environment inter-
action. Single environment estimators were examined
in this paper. Use of single environment point esti-
mates is limited in practice (Dudley and Moll 1969).
Single environment interval estimates, however, are
useful because they measure the effect on precision of
experimental design and half- and full-sib family
number. Approximate confidence intervals are avail-
able for half-sib family H estimators for two-factor
mating design linear models that include environ-
mental effects (Knapp and Bridges unpublished
manuscript).
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mating design data.

References

Comstock RE, Robinson HF (1948) The components ‘of
genetic variance in populations of biparental progenies
and their use in estimating the average degree of domi-
nance. Biometrics 4:254—-266

Dudley IJW, Moll RH (1969) Interpretation and use of
heritability and genetic variances in plant breeding. Crop
Sci 9:257-261

El-Rouby MM, Penny LH (1967) Variation and covariation in
a high oil population of corn (Zea mays L.) and their
implications in selection. Crop Sci 7:216—219

Graybill FA (1976) Theory and application of the linear
model. Duxbury Press, Boston Mass

Knapp SJ, Stroup WW, Ross WM (1985) Exact confidence
intervals for heritability on a progeny mean basis. Crop Sci
25:192-194

Laubscher NF (1965) Interpolation in F-tables. Am Stat 19:
39-40

Robinson HF, Comstock RE, Harvey PH (1949) Estimates of
heritability and the degree of dominance in corn. Agron J
41:353-359

Scheffé H (1959) The analysis of variance. Wiley, New York

Silva JC (1974) Genetic and environmental variances and
covariances estimated in the maize (Zea mays L.) variety,
‘lowa stiff stalk synthetic’. PhD Dissertation, Towa State
University Ames. Diss Abstr No 35/8-B

Tai GCC (1983) Confidence intervals of genetic parameters
estimated from progeny test experiments in plant breeding.
Can J Genet Cytol 25:502—508



Appendix

Two-sided confidence intervals require upper and lower per-
centage points from the F-distribution. The equation used for
obtaining upper percentage points from lower percentage
points or the reverse is

_ -1
Foan.dr,= (F1-x df. ar)

(Scheffe 1959).

Suppose that a tabled F-value, F,. 4, g, is needed and df;
and df, do not appear in the F-table. The interpolation for-
mula for this case is

Fyan.an,=0=T) (1 =K) Fpan,a5+ T (1=K) Fran, ary
+ (1= KFy a7, a5+ I KFoary, ary

where

J =[dfy (df; — df3)] [df; (df5 — dfp)] ",

K = [dfy (df,— df)]{df, (dfy - dfD]™',

df} is the degrees of freedom preceding dfy, dff is the degrees
of freedom following dfy; df5 is the degrees of freedom pre-
ceding df,, and dfY is the degrees of freedom following df; in
the F-table (Laubscher 1965).

Suppose that df; is given in the F-table but not df;. The
interpolation equation for this case is

Frdf, at,= (1 =3) Frar, ar, + T Fo: afy, aty -
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The equation for the reverse case, when df; is given but not
df;, is
Fo afy, ate= (1 = K) Fyary, ar, + K Faeary, ar,

(Laubscher 1965).

Equations are developed below for cases where dfy
and/or df} are infinite. The limit for K as df} approaches oo
is used when dfY is infinite. The reciprocal of K is

K™= [(dfy — df))/dfy] [df, /(df, — df})]
= (1 - dfy/df”) [df,/(df, — df})].
Given that
lim 1-df//dff=1

dfy - x
then
lim K~!'=df,/(df,— dfy)

dfy — oo

and

lim K=l lim K“]"=(df,—dfi)/df1=l—df{/df1. (1]

dfy = oo dff -
The result for J is

lim J=(df, — df5)/df, =1-dfy/df,. [12]
dfy —

The limiting values, [11] and [12], are used accordingly in the
interpolation equations.



